Abstract. We study symplectic (contact) structures on nilmanifolds that correspond to the filiform Lie algebras -nilpotent Lie algebras of the maximal length of the descending central sequence. We give a complete classification of filiform Lie algebras that possess a basis e 1 , . . . , en, [e i , e j ] = c ij e i+j (N-graded Lie algebras). In particular we describe the spaces of symplectic cohomology classes for all even-dimensional algebras of the list. It is proved that a symplectic filiform Lie algebra g is a filtered deformation of some N-graded symplectic filiform Lie algebra g 0 . But this condition is not sufficient. A spectral sequence is constructed in order to answer the question whether a given deformation of a N-graded symplectic filiform Lie algebra g 0 admits a symplectic structure or not. Other applications and examples are discussed.
Introduction
Nilmanifolds M = G/Γ (compact homogeneous spaces of nilpotent Lie groups G over lattices Γ) are widely used in topology and geometry. We can mention for instance Gromov's theory of Carnot-Carathéodory spaces, the examples of Anosov flows, as well as different counter-examples in symplectic and complex topology. The study of invariant geometric structures (Riemannian metrics, symplectic (contact) structures, complex structures) on nilmanifolds reduces to the problems in terms of the tangent nilpotent Lie algebra g of G. The first examples of compact symplectic manifolds with no Kähler structure were nilmanifolds (see [25] , [7] for references). I. Babenko and I. Taimanov considered in [2] , [3] an interesting family of nilmanifolds M n that they used for construction of examples of non formal simply connected symplectic manifolds. In their proof I. Babenko and I. Taimanov used the existence of integer symplectic structure on M n and a non-trivial triple Massey product in H 1 (M n , R). The problem of computation of corresponding H * (M n , R) was partially solved in [19] , [20] . Using Nomizu's theorem [23] the bigraded structure of H * (M n ) = H * (V n ) was studied. V n denotes the corresponding nilpotent Lie algebra.
The natural idea was to find other similar examples of nilpotent symplectic Lie algebras. But the theory of nilponet Lie algebras has no effective classification tools like in the theory of semi-simple Lie algebras. For instance we have Morosov's classification [22] of nilpotent Lie algebras with dimensions ≤ 6. Morosov's table of Lie algebras was used in [11] , [12] for studing symplectic structures and complex structures in [24] . Articles on classification of 7-dimensional complex nilpotent Lie algebras regularily appear and however we have no certitude that the problem is finally solved. We restrict ourselves to the class of so-called filiform Lie algebras -nilpotent Lie algebras g with a maximal length s= dim g−1 of the descending central sequence of g. The Lie algebras V n are filiform ones. The study of this class of nilpotent Lie algebras was started by M. Vergne in [26] , [27] and later was continued by M. Goze and his coauthors (see [12] , [1] , [11] , [9] , [10] , [13] ). But in these articles filiform Lie algebras were studied over C. In particular in [10] symplectic filiform Lie algebras were classified in dimensions ≤ 10 but again over complex field C.
In the present article we mainly work with K = R but it is possible to consider an arbitrary field K of zero characteristic as it was done in [5] .
This paper is organized as follows. In the sections 1 -4 we review all necessary facts of nilpotent Lie algebras theory as well as the theory of nilmanifolds. Namely we discuss two filtrations of a filiform Lie algebra g: the canonical one C, defined by the ideals of the descending central sequence and the second one L, defined by means of so-called adapted basis e 1 , . . . , e n of g. In the sequel we consider two corresponding associated graded Lie algebras gr C g and gr L g that play a very important role.
We start our study of filiform Lie algebras in the Section 5 with the special case of N-graded filiform Lie algebras, i.e. N-graded Lie algebras g = ⊕ α g α such that dim g i = 1, 1 ≤ i ≤ n, g i = 0, i > n, [g 1 , g i ] = g i+1 , i ≥ 2. We give a complete classification (Theorem 5.17) of these algebras. We recall that it was Y. Khakimdjanov who discovered in [13] that there exists only a finite number of non-isomorphic N-graded filiform Lie algebras over C in dimensions ≥ 12. We add in dimensions ≥ 12 three new classes m 0,1 (2k+1), m 0,2 (2k+2), m 0,3 (2k+3) that were missed in [13] , [12] as well as explicit formulae for one-parameter families in dimensions ≤ 11 (for an arbitrary field K of zero characteristic). In the proof we use an inductive procedure of construction of filiform Lie algebras by means of one-dimensional central extensions.
In the Section 6, 7 we study symplectic structures on filiform Lie algebras. We describe all symplectic N-graded filiform Lie algebras (Theorem 6.2). Namely for a N-graded filiform Lie algebra g we essentially use the bigraded structure of H * (g). We prove that if g is symplectic than gr C g ∼ = m 0 (2l) and hence the filtration L is defined. Let us consider N-graded filiform Lie algebra gr L g. Theorem 7.2 states that if g is symplectic than the N-graded algebra gr L g is symplectic also and hence gr L g is isomorphic to one of the following algebras m 0 (2l), V 2k , g 8,α , g 10,α , where by g 8,α , g 10,α we denote the one-parameter families of filiform Lie algebras in dimensions 8 and 10 respectively. But the last condition is not sufficient, an example of a deformation of the symplectic N-graded algebra m 0 (2l) that does not admit any symplectic structure is discussed. A criterion of existence of symplectic structure in terms of the spectral sequence E that corresponds to the filtration L is formulated (Theorem 7.3).
In the last Section we discuss other possible applications: contact structures on odd-dimensional filiform Lie algebras, the classification problem of filiform Lie algebras and G. Lauret's [15] construction of nilmanifolds admitting Anosov diffeomorphism.
1. Symplectic and contact nilmanifolds Definition 1.1. A nilmanifold M is a compact homogeneous space of the form G/Γ, where G is a simply connected nilpotent Lie group and Γ is a lattice in G.
Example 1.3. The Heisenberg manifold M 3 = H 3 /Γ 3 , where H 3 is the group of all matrices of the form 
and a lattice Γ 3 is a subgroup of matrices with x, y, z ∈ Z.
Example 1.4. We define the generalized Heisenberg group H(1, p) as the group of all matrices of the form 
where I p denotes the identity p × p matrix, X, Z are p × 1 matrices of real numbers, and y is a real number. Let us consider a product G(p, q) = H(1, p) × H(1, q). By Γ(p, q) we denote a lattice of all matrices with integer entries. We can define a family nilmanifolds 
One can also define a group structure * in the vector space g using the Campbell-Hausdorff formula:
The nilpotent group G = (g, * ) has a lattice Γ such that the quotient space M = G/Γ is a compact manifold.
One of the first non-trivial examples of symplectic nilmanifolds was Kodaira (or Kodaira-Thurston) surface K = M 3 × S 1 with a symplectic form ω = 1 2π dy ∧ dφ + dx ∧ dz, where by M 3 we denote the Heisenberg manifold and by dφ the standard volume form on S 1 . The symplectic manifold K = M 3 ×S 1 does not admit a Kähler structure (see [25] for references). 
defines a symplectic structure on G(p, q) and M (p, q), where by X i , Z i , y i , i = 1, 2 we denote global coordinates on the first H(1, p) and the second factor H(1, q) of G(p, q) respectively.
The family M (p, q) was probably the first example of a infinite family of (nonformal) symplectic nilmanifolds ( [7] ). Example 1.10. Let V n be a nilpotent Lie algebra with a basis e 1 , e 2 , . . . , e n and a Lie bracket:
[e i , e j ] = (j − i)e i+j , i + j ≤ n; 0, i + j > n. Let us denote by M n the corresponding nilmanifold that we can obtain using Malcev's method 1.6. We can identify the deRham complex Λ * (G/Γ) with subcomplex Λ * Γ (G) ⊂ Λ * (G) of left-invariant forms on G with respect to the action of the lattice Γ. Λ * Γ (G) has a subcomplex Λ * G (G) of left-invariant forms with respect to the whole action of G. Λ * G (G) is naturally isomorphic to the Lie algebra cochain complex Λ * (g). One can consider the corresponding inclusion
Definition 1.13. An skew-symmetric non-degenerate bilinear form ω on the 2k-dimensional Lie algebra g is called symplectic if it closed: dω = 0.
It follows that
Corollary 1.14. Let G/Γ be a compact nilmanifold with a symplectic form ω then ω = ψ(ω) + dξ, whereω is a symplectic form on the tangent Lie algebra g of G and ξ is a 1-form on G/Γ.
Lie groups with left-invariant symplectic, Kähler and Poisson structures were discussed in [16] . B.-Y. Chu proved in [6] that a unimodular symplectic Lie algebra has to be solvable. 
Usually the following sets A are considered: abelian groups Z and Z m . In this article we'll treat of A = N -abelian semigroup of natural numbers.
It is evident that N-graded Lie algebras of finite dimension are nilpotent ones.
In the present article we will consider N-graded Lie algebras g of the following types
Example 2.2. The Lie algebra m 0 is defined by its infinite basis e 1 , e 2 , . . . , e n , . . . with commutating relations:
Remark. We will omit in the sequel trivial commutating relations [e i , e j ] = 0 in the definitions of Lie algebras.
Example 2.3. The Lie algebra m 2 is defined by its infinite basis e 1 , e 2 , . . . , e n , . . . and commutating relations:
Example 2.4. Let us define the algebra L k as the Lie algebra of polynomial vector fields on the real line R 1 with a zero in x = 0 of order not less then k + 1.
The algebra L k can be defined by its basis and commutating relations
The algebras m 0 , m 2 , L 1 are N-graded Lie algebras generated by two elements e 1 , e 2 .
In her article A.Fialowski [8] classified all N-graded Lie algebras of the type 2) with two generators. In particular the following theorem holds on.
Then g is isomorphic to one (and only one) Lie algebra from three given ones:
Remark. Later some of Fialowski's results were rediscovered in [14] .
Let g be a infinite-dimensional N-graded Lie algebra, then the quotient algebra g(n) = g/ ⊕ ∞ α=n+1 g α is the N-graded n-dimensional Lie algebra and g = lim n g(n). So we have three sequences of finite-dimensional N-graded Lie algebras:
has another meaning in the theory of infinite-dimensional Lie algebras.
Nilpotent and filiform Lie algebras
The sequence of ideals of a Lie algebra g
is called the descending central sequence of g.
A Lie algebra g is called nilpotent if there exists s such that:
The natural number s is called the nil-index of the nilpotent Lie algebra g, or g is called s-step nilpotent Lie algebra. Let g be a Lie algebra. We call a set F of subspaces
a decreasing filtration F of g if F is compatible with the Lie structure
Let g be a filtered Lie algebra. A graded Lie algebra
is called the associated (to g) graded Lie algebra gr F g.
Example 3.1. The ideals C k g of the descending central sequence define a decreasing filtration C of the Lie algebra g
One can consider the associated graded Lie algebra gr C g.
The finite filtration C of a nilpotent Lie algebra g is called the canonical filtration of a nilpotent Lie algebra g. Proposition 3.2. Let g be a n-dimensional nilpotent Lie algebra. Then for its nil-index we have the estimate s ≤ n − 1.
It follows from another estimate for nilpotent Lie algebras: The Lie algebras m 0 (n), m 2 (n), V n considered above are filiform Lie algebras.
Lemma 3.4 ( M. Vergne [26] ). Let g be a filiform Lie algebra, then there exists a basis e 1 , e 2 , . . . , e n such that:
Certainly a filiform Lie algebra g besides (2) may have other non-trivial commutating relations. In this sense the filiform Lie algebra m 0 (n) is the simplest possible example of a filiform Lie algebra.
Proposition 3.5. Let g be a filiform Lie algebra and gr C g = ⊕ i (gr C g) i is the corresponding associated (with respect to the canonical filtration C) graded Lie algebra.
We have the following isomorphisms of graded Lie algebras:
Theorem 3.6 (M. Vergne [27] ). Let g = ⊕ α g α be a graded n-dimensional filiform Lie algebra and
2) if n = 2k, then g is isomorphic either to m 0 (2k) or to the Lie algebra m 1 (2k), defined by its basis e 1 , . . . , e 2k and commutating relations:
[e j , e 2k+1−j ] = (−1) j+1 e 2k , j = 2, . . . , k.
Remark. In the settings of the Theorem 3.6 the gradings of the algebras m 0 (n), m 1 (n) are defined as g 1 = Span(e 1 , e 2 ), g i = Span(e i+1 ), i = 2, . . . , n−1.
Corollary 3.7 (M. Vergne [27] ). Let g be a filiform Lie algebra. Then one can choose a so-called adapted basis e 1 , e 2 , . . . , e n in g:
where α = 0 if n is odd number.
Example 3.8. Let g be a filiform Lie algebra with a fixed adapted basis e 1 , e 2 , . . . , e n such that α = 0. Then one can define a new (non-canonical) filtration L of g:
where L k g=Span(e k , . . . , e n ), k = 1, . . ., n.
Remark. 
Lie algebra cohomology
Let us consider the cochain complex of a Lie algebra g with dim g = n: 
The condition d 2 = 0 is equivalent to the Jacobi identity in g. The cohomology of (Λ * (g * ), d) is called the cohomology (with trivial coefficients) of the Lie algebra g and is denoted by H * (g). The exterior algebra Λ * g of a graded Lie algebra g = ⊕ α g α can be equipped with the second grading Λ
Let us identify Λ * (g * ) with the space (Λ * g)
The second grading is compatible with the differential d and with the exterior product
The exterior product in Λ * (g * ) induces the structure of bigraded algebra in cohomology
p+q (λ+µ) (g). Example 4.1. Let g be a Lie algebra with the basis e 1 , e 2 , . . . , e n and commutating relations [e i , e j ] = c ij e i+j , i + j ≤ n; 0, i + j > n.
Let us consider the dual basis e 1 , e 2 , . . . , e n . We have the following formulae for the differential d:
Now we can introduce the grading (that we will call the weight) of Λ * (g * ):
where a subspace Λ Now we consider a filtered Lie algebra g with a finite decreasing filtration F . One can define a decreasing filtrationF of Λ * (g * ). c k ij e i+j+k , i + j ≤ n; 0, i + j > n.
As it was remarked above the corresponding filtration L can be defined. The associated graded Lie algebra gr L g can be defined by structure relations
Remark. One can consider the spectral sequence E r that corresponds to the filtrationF of the complex Λ * (g * ).
We have an isomorphism (see [27] for example) As an elemetary corollary of the Engel theorem we get that a nilpotent Lie algebra g is unimodular.
Theorem 4.4 (J.-L. Koszul [17] ). Let g be a n-dimensional unimodular Lie algebra then
non-degenerate bilinear form (Poincaré duality).

Filiform Lie algebras as one-dimensional central extensions
Recall that a one-dimensional central extension of a Lie algebra g is an exact sequence
of Lie algebras and their homomorphisms, in which the image of the homomorphism K →g is contained in the center of the Lie algebra g. To the cocycle c ∈ Λ 2 (g * ) corresponds the extension
where the Lie bracket in K ⊕ g is defined by the formula
It can be checked directly that the Jacobi identity for this Lie bracket is equivalent to c being cocycle and that to cohomologous cocycles correspond equivalent (in a obvious sense) extensions.
If g is a Lie algebra of the finite dimension n defined by its basis e 1 , . . . , e n and structure relations
then the algebrag from (5) can be defined by its basisẽ 1 , . . . ,ẽ n ,ẽ n+1 and structure relations
Now letg be a filiform Lie algebra, it has one-dimensional center Z(g) and we have the following one-dimensional central extension:
where the quotient Lie algebrag/Z(g) is also filiform Lie algebra.
Proposition 5.1. Let g be a filiform Lie algebra and let its center Z(g) be spanned by some ξ ∈ Z(g). Theng taken from a one-dimensional central extension
0 → K →g → g → 0 with cocycle c ∈ Λ 2 (g
) is a filiform Lie algebra if and only if the restricted function
Let e 1 , . . . , e n ∈ g be an adapted basis of g and e 1 , . . . , e n ∈ g * be its dual basis. Then the cocycle c that corresponds to some filiform central extension can be expressed as
. . , e n−1 ).
So the problems of construction and classification of filiform Lie algebras have an inductive nature: we start with first dimension n = 3 and then go ahead computing H 2 (g) and studing the classes of isomorphisms. We restrict now ourselves to the special case of N-graded filiform Lie algebras. The corresponding cocycle c will be expressed as
Lemma 5.2. Let n ≥ 3 then the cohomology classes of
represent a basis of H 2 (m 0 (n)). [e l , e 2k−l+1 ] = (−1) l+1 e 2k+1 , l = 2, . . . , k.
Lemma 5.4 (see also [26] Lemma 5.6 (see [19] , [20] ). Let n ≥ 5 then one can consider a basis in H 2 (V n ) consisting of cohomology classes of following cocycles: Now we start our inductive procedure. 1) the first dimension in which we have a filiform Lie algebra is n = 3 and there is the only one algebra -3-dimensional Heisenberg algebra that is isomorphic to m 0 (3). H 2) H 2 (5) (m 0 (4)) is spanned by two cocycles e 1 ∧ e 4 and e 2 ∧ e 3 and an admissible central extension corresponds to a cocycle of the form
If β = 0 we obtain m 0 (5)) and we'll get the algebra isomorphic to m 2 (5)) if β = 0.
3) H The case β = 0 gives us the algebra m 0 (7)) and if β = 0 we get an algebra that is isomorphic to m 0,1 (7) An algebra that corresponds to β = 0 is isomorphic to m 2 (7)) but if β = 0 taking γ = 1 we obtain an one-parameter family of filiform Lie algebras We denote by g 10,α the corresponding central extension. We denote by g 11,α the corresponding central extension for α = − 5 2 , −1, −3. Remark. The algebras V n , n = 7, 8, 9, 10, 11 are isomorphic to g 7,α0 , g 8,α0 , g 9,α0 , g 10,α0 , g 11,α0 respectively with α 0 = 8. We recall also that m 0,1 (2k + 1) ) is spanned by the cohomology class of
We denote by m 0,2 (2k + 2) the corresponding central extension. It can be defined by its basis and commutating relations:
[e 1 , e i ] = e i+1 , i = 2, . . . , 2k + 1;
[e l , e 2k−l+1 ] = (−1) l+1 e 2k+1 , l = 2, . . . , k;
[e j , e 2k−j+2 ] = (−1)
) is spanned by
We denote by m 0,3 (2k + 3) the corresponding central extension. It can be defined by its basis and commutating relations: We came to the main Theorem 5.17. Let g = i=1 g i be a filiform N-graded Lie, i.e. a graded Lie algebra such that
Then g is isomorphic to the one and only one Lie algebra from the following list: defined by the basis e 1 , . . . , e n and commutating relations:
1) Lie algebras of the six sequences
. . , n−1; [e 2 , e i ] = e i+2 , i = 3, . . . , n−2.
2) Lie algebras of 5 one-parameter families g n,α of dimensions n = 7 − 11 respectively, defined by their basises and Lie structure relations: algebra dimension commutating relations (5) commutating relations for g n,α
( 2(α 2 +4α+3)(2α+5) e 11 Remark. We can prove Fialowski's Theorem 2.5 now as a corollary of the Theorem 5.17 by considering corresponding lim g n . It appears to be useful because [8] contains only a sketch of the proof.
Remark. It was proved by Y. Khakimdjanov in [13] in a different way for K = C, that there is only a finite number of N-graded filiform Lie algebras (see also [12] ) in dimensions ≥ 12, but there were missed three classes m 0,1 (2k+1), m 0,2 (2k+2), m 0,3 (2k+3). The one-parameter families g 7,α , g 8,α are well-known (see [1] for instance).
6. Symplectic structures and N-graded filiform Lie algebras Lemma 6.1. Let g be a 2k-dimensional symplectic N-graded filiform Lie algebra. Then its symplectic structure ω can be decomposed as ω = ω 2k+1 + ω ′ , where homogeneous component ω 2k+1 ∈ Λ 2 (2k+1) (g) is symplectic form and ω ′ is an arbitrary sum of 2-cocycles of weights less than 2k + 1.
Let us remark that the weight λ of the k-th power ω k = Ce 1 ∧e 2 ∧· · ·∧e n , C = 0, is equal to
, but from the other hand the maximal possible weight λ max of a cocycle in H 2 (g) of a 2k-dimensional N-graded filiform Lie algebra g is equal to 2k + 1 and hence The proof follows from the Lemma 6.1 and the cohomological data that we used in the proof of the Theorem 5.17.
Theorem 6.2. We have the following list of non-isomorphic symplectic N-graded filiform Lie algebras and their homogeneous symplectic forms (up to non-zero constant):
Remark. The classification of symplectic 6-dimensional nilpotent Lie algebras (based on Morosov's classification) was done in [11] (see also [12] ), also in [11] it was considered the one-parameter family g 8,α and corresponding symplectic form ω 9 (α). In [10] symplectic (but over C) low-dimensional (dim g ≤ 10) filiform Lie algebras were classified . Now we can write down formulae (up to an exact form dξ) for an arbitrary symplectic form for all considered above algebras: 
For the proof we apply the spectral sequence E that corresponds to the canonical filtration C of g. The term E 1 is isomorphic to the cohomology H * (gr C g). According to the Theorem 3.6 the algebra gr C g is isomorphic either to m 0 (2k) or to m 1 (2k). But using again the Theorem 3.6 we see that m 1 (2k) has no filiform one-dimensional central extension. In other words it has no 2-cocycles c of maximal filtration c = ξ ∧ e 2k + c ′ (it can been checked out directly). Hence all cocycles in Λ 2 (m 1 (2k)) are elements of Λ * (e 1 , . . . , e 2k−1 ). Therefore they correspond to degenerate bilinear forms and we have no symplectic cocyle in H 2 (m 1 (2k)). It follows from (17) that g has following commutating relations with respect to some adapted basis e 1 , e 2 , . . . , e 2k :
And as we remarked above this basis defines a filtration L of g:
We recall also that {c 0 ij } are the structure constants of N-graded filiform Lie algebra gr L g and we can consider g as a special deformation of gr L g that we will call a filtered deformation of a N-graded filiform Lie algebra gr L g. But we will see that the condition (17) is not sufficient.
Let us consider the spectral sequence E r that corresponds to the filtration L. The term E 1 coincides with the cohomology of the associated N-graded Lie algebra gr L g: E p,q
A symplectic cocycle in a symplectic filiform Lie algebra has a maximal filtration and hence we come to the Theorem 7.2. Let g be an 2k-dimensional symplectic filiform Lie algebra. Then g is a filtered deformation of some N-graded symplectic filiform Lie algebra g 0 . For corresponding symplectic form ω(g) we have the following decomposition
where by ω 2k+1,0 we denote the homogeneous symplectic form of the g 0 from the list (15) . 1) the space H 3 (g 8,α ) is generated by homogeneous cocyles of weights 11, 12, 13, 15;
2) the space H 3 (g 10,α ) is generated by homogeneous cocyles of weights 12, 13, 14, 15;
3) the space H 3 (V 2k ) is generated by homogeneous cocyles of weights 12, 15, 2k+3, 2k+4, 2k+5 (see [20] for details)
Thus we can conclude that the differentials d (−1) i e i ∧ e j very rarely survives to the E ∞ .
Example 7.4. Let be a filiform Lie algebra g with abelian commutant [g, g]. As it was shown in [5] g has following commutating relations with respect to some adapted basis e 1 , . . . , e n :
[e 1 , e i ] = e i+1 , i = 2, . . . , n;
[e 2 , e j ] = e j+2+t + r=1 α r e j+2+t+r , j = 3, . . . , n, (18) for some fixed integer t ≥ 0. By changing the basis one can make α t+1 = 0. An algebra with parameters α 1 , . . . , α n−5−t is isomorphic to another one with α 
It is obvious that if t = 0 then g is a filtered deformation of m 2 (n) and hence g has no symplectic structure for n = 2k ≥ 8. Now let us consider t ≥ 1 then g is a filtered deformation of another N-graded filiform Lie algebra -m 0 (n). 
does not admit a symplectic structure for all α 1 , α 2 , α 3 ∈ R although it is a deformation of symplectic m 0 (10). 
where α 1 ≈ −0, 893 and α 2 ≈ 1, 534 are real roots of the polynomials 2x 3 + 2x+ 3 and 4x 3 + 8x 2 − 8x − 21 respectively.
One can also get versions of main theorems of previous section on filtered algebras but we want now to discuss possible applications to the problem of classification of filiform Lie algebras. Namely in odd-dimensional case we have the only one class of filiform Lie algebras such that gr C g = m 0 (2k+1) and two classes in evendimensional case: gr C g = m 0 (2k) and gr C g = m 1 (2k). Then the next step is to devide the class gr C g = m 0 (n) into subclasses that correspond to different gr L g.
Another application concerns the examples of nilmanifolds admitting Anosov diffeomorphisms (see [15] for references). Definition 8.4. A nilpotent Lie algebra g is said to be Anosov if it admits a hyperbolic automorphism A (i.e. all eigenvalues of A have absolute value different from 1) and a basis such that the matrix of A has integer entries and its structure constants are rational numbers (with respect to this basis). Using Malcev's construction of nilmanifolds we get a nilmanifold G/Γ admitting Anosov diffeomorphism that corresponds to A. 
